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Let A be a self-adjoint n x n matrix. If L is a subspace of C”, we shall 
denote by LIA the space which is A-orthogonal to L, i.e. the set of all vectors 
y~C”suchthat(Ax,y)=Oforallx~L.NotethatL’\=(AL)’.Incase 
A is invertible this is equal to A- ‘L I. 
From now on A will be a self-adjoint invertible n x n matrix and B will 
be a self-adjoint n x n matrix. Note that of course A-‘B is A-self-adjoint. 
The following lemma is the basis for our results. 
LEMMA. A subspace L is A-‘B-invariant if and only if LI-1 c L'". 
Proof. We have A-‘BL c L if and only if BL c AL. This in turn is 
equivalent to (AL)l c(BL)‘, i.e. to LI.1 c L’lJ. w 
Note that if B is invertible, each inclusion is in fact an equality. 
As an immediate consequence we have the following proposition. 
PROPOSITION. A subspace L is A- ‘B-invariant maximal A-nonnegative 
if and only if L is maximal A-nonnegative and L’A c L Lo. 
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Combining this proposition with Pontryagin’s theorem, stating that an 
A ‘B-invariant maximal A-nonnegative subspace always exists (see [ 1, Theo- 
rem 1.3.20]), we conclude that a maximal A-nonnegative subspace L with 
LI,\ c Ll 8 exists. Note that L is nontrivial if and only if A is indefinite. Of 
course the same results hold for maximal nonpositive subspaces. 
Now we consider A-neutral subspaces L. Recall that a subspace L is 
called A-neutral (or A-isotropic) if (Ax, y) = 0 for all x, y E L. In other 
words, L is A-neutral if and only if L c Lit, From the Lemma one sees that 
if an A-neutral subspace is A -‘B-invariant, then it is B-neutral. Conse- 
quently, if there exists an A - ‘B-invariant A-neutral subspace of dimension p, 
there is a B-neutral subspace of dimension p. This has some consequences for 
the inertia of B. If we denote the inertia of B by (n,, n.~, n,), then 
p < n, + min( n +, n _ ). In particular, if B is invertible and p = n/2 (i.e. the 
subspace is a so-called hypermaximal neutral subspace) then, n + = n = n/2. 
In [2, Theorem 5.11 a necessary and sufficient condition is given for the 
existence of an A - ‘B-invariant hypermaximal A-neutral subspace which 
involves the sign characteristic of the pair (A, A ‘B). In the next theorem we 
give another necessary and sufficient condition, which moreover desdribes 
such subspaces. 
THEOREM. A subspace L is A ‘B-invariant hypermaximal A-neutral if 
and only if dim L = n/2 and L is both A-neutral and B-neutral. 
Proof. Clearly, if L is A _ ‘B-invariant hypermaximal A-neutral, we 
have dim L = n/2 and L is both A-neutral and B-neutral. 
Conversely, if L is both A-neutral and B-neutral and dim L = n/2, 
then L is certainly hypermaximal A-neutral. It remains to show that L is 
A ‘B-invariant. Since L is hypermaximal A-neutral, one has L = L L \. From 
the B-neutrality of L we have L c L ’ 8. Hence L ’ \ c L 1 fi and we can apply 
the Lemma to obtain the desired result. n 
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